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Abstract — Exponential family of distribution is a very 
popular family of distribution functions for analyzing 
any lifetime data with a lot of applications in different 
fields of knowledge. This family has distribution 
functions whose survival, hazard and mean residual life 
functions are simple and easy to study. As a result, this 
family has been generalized, modified and mixed with 
other density functions to give more flexible density 
functions to facilitate better modeling and analysis. This 
study is carried out to apply some of these distributions 
to real life datasets from clinical sciences, remission 
times of a Bladder cancer dataset. The behaviours of 
these distributions were illustrated graphically. The 
parameters of the distributions were estimated using the 
maximum likelihood method and their goodness-of-fits 
were examined. The distributions were found to provide 
satisfactory fits to the datasets considered. 
Exponentiated Exponential and Exponential-Gamma 
distributions were found to perform better than all the 
competing distributions. 
 
Keywords- Exponential family, Gamma, Weibull, Lindley, 
Hazard rate, Mean residual life, Goodness-of-fit. 

i. Introduction  

The exponential family of distribution is very popular for 
analysing any lifetime data. It has a lot of applications in 
different fields of knowledge. Although exponential 
distribution is a special case of gamma distribution, the 
gamma distribution function or survival function cannot be 
expressed in a closed form. This makes it a little bit 
unpopular as compared to the Weibull, Exponential, 
Lindley, to mention but few distributions, whose survival 
functions and hazard functions are simple and easy to study 
(Rather & Subramanian, 2019). A generalization of the 

exponential family was introduced as a new concept of 
distributions by Gupta et al (1998) and discussed a new 
family of distributions called the exponentiated exponential 
distribution. The family has two parameters scale and shape, 
which are similar to the Weibull or Gamma family. Later 
Gupta & Kundu (2001) studied some properties of the 
distribution.  

Many properties of the new family were observed to be 
similar to those of the Weibull or Gamma family. Hence the 
distribution can be used as alternative to a Weibull or 
Gamma distribution. The two-parameter Gamma and 
Weibull are the most popular distributions for analyzing any 
lifetime data. These parameters, representing the scale and 
the shape parameter make them quite a bit flexible to 
analyse any positive real data. As a result, the exponential 
family has been generalized, re-generalized, modified and 
mixed with other density functions to give more flexible 
density functions and facilitate better modeling. This is 
because the distributions of combined random variables are 
more flexible, perform better and have wider applicability 
(Akarawak et al, 2017) according to Ogunwale et al (2019) 
and as shown by several other studies (Gupta & Kundu, 
2001; Nadaraja & Kotz, 2005; Pal et al, 2006). Their 
mathematical properties are widely studied and used on real 
life datasets from applied sciences and other fields of 
knowledge (Abouammoh et al, 2015; Alkarni, 2015; Bhati 
et al, 2015; Ghitany, 1998; Ghitany et al, 2013; Nadarajah, 
2008; Parai et al, 2015; Shanker & Shukla, 2019; Sharma et 
al, 2015; Wang, 2013; Warahena-Liyanage & Pararai, 2014, 
among others).  

Another member of this family is the three-parameter 
Generalized Gamma (GG) distribution (Stacy, 1962). The 
distribution is suitable for modeling data having different 
types of hazard rate functions; increasing, decreasing, 
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bathtub shaped and unimodal, which makes it particularly 
useful for estimating individual hazard functions. The 
distribution has been used in different fields of knowledge 
such as engineering, hydrology and survival analysis 
(Shanker & Shukla, 2017). It has Weibull, Gamma and 
Exponential distributions as special sub-models. It plays a 
very important role in statistical inferential problems. A 
generalization of the Generalized Gamma (GGG) 
distribution, which includes the three-parameter generalized 
gamma (GG) distribution, two-parameter Weibull and 
gamma distributions, and exponential distribution, has been 
suggested and investigated by Shanker & Shukla (2019). 
The behavior of the hazard rate function of these 
distributions has been discussed. The estimation of their 
parameters is explained using the method of maximum 
likelihood. The goodness-of-fit of these distributions has 
been discussed using real life datasets from different fields 
of knowledge. 

The analysis and modeling of lifetime data is a great interest 
of researchers in applied sciences including engineering, 
medical sciences, insurance, and finance, among others 
(Shanker, 2016), thus, models are constructed to facilitate 
better modeling and significant progress (Asad et al, 2018).  

A number of lifetime distributions have been proposed and 
introduced in the literature using members of this family. 
This because constant hazard rate and mean residual life 
function is attributed to the exponential distribution whereas 
the modifications and generalizations made have different 
shapes of hazard rate and mean residual life functions; that 
is, increasing, decreasing, bathtub shaped, J-shaped, 
unimodal, and so on (Abouammoh et al, 2015; Alkarni, 
2015; Bhati et al, 2015; Ghitany, 1998; Ghitany et al, 2013; 
Lindley, 1958; Nadarajah, 2008; Parai et al, 2015; Shanker 
& Shukla, 2019; Sharma et al, 2015; Wang, 2013; 
Warahena-Liyanage & Pararai, 2014, among others) which 
makes them particularly useful for estimating individual 
hazard functions. The family has been used in the context of 
Fiducial and Bayesian Statistics (Lindley, 1958), reliability 
studies (Ghitany et al, 2008) among others. However, this 
paper is aimed at applying some of these distributions to a 
real life data from clinical sciences. 

II. RESEARCH METHODOLOGY 

The Gamma distribution (Jambunathan, 1954) is defined by 
its probability density function as; 

�(�; �, �) =
�

�(�)
����������; � > 0, � > 0, � > 0 (1) 

The distribution in (1) has been generalized to give the 
Generalized Gamma (GG) distribution (Stacy, 1962) as; 

��(�; �, �, �) =
�

�(�)
β������������

; � > 0, � > 0, � >

0, � > 0                                  (2) 

Shanker & Shukla (2019) generalized the GG distribution to 
give Generalization of the Generalized Gamma (GGG) 
distribution as; 

��(�; �, �, �, �) =
�

�(�)
β�����

�
��������(��)�

; � > 0, � >

0, � > 0, � > 0, � > 0 (3) 

The exponential distribution (which is a special case of the 
gamma) is defined by as; 

�(�) = �����; � > 0, � > 0       (4) 

The exponentiated exponential distribution is defined 
(Gupta & Kundu, 2001) as 

�(�; �, �) = α��1 − �����
���

����; � > 0, α > 0, � > 0  
                      (5) 

The Weibull distribution is defined (Weibull, 1951) as: 

�(�;  �, �) =
�

�
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�
�

�

, � > 0, � > 0, � > 0 (6) 

The Lindley distribution (Lindley, 1958) is defined as: 

�(�;  �) =
��

���
(1 + �)����;  � > 0, � > 0  (7) 

The Exponential-Gamma distribution (Ogunwale et al, 
2019) is defined by its p.d.f as: 

�(�; �, �) =
�������������

�(�)
;  � > 0, � > 0, � > 0 (8) 

The New Exponential-Gamma (NEG) distribution (Umar & 
Yahya, 2019) is defined by its density function as: 

�(�; �, �) =
�

���(�)
(� + ��������)����;  � > 0, � >

0, � > 0                               (9) 

The expression in (9) reduces to exponential distribution in 
(4) when � = 1 and it reduces to a Lindley distribution in 
(7) when � = 2, and also reduces to a number of other 
exponential family members at different values of the 
parameter � with different mixing proportions, for example; 
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it reduces to Shanker, Akash, Rama and Rani distributions 
when � = 2, 3, 4 and 5, respectively (Shanker, 2015a, 
2015b, 2017a and 2017b), each having a different mixing 
proportion. The Lindley distribution has been modified, 
extended and generalized along with its applications to 
different fields of knowledge to introduce more flexible 
density functions such as: 

1. The Power Lindley distribution by Ghitany, et al., 
(2013) as; 

�(�; �, �) =
���

���
�1 + ������������

; � > 0, �, � >

0     (10) 

2. The Exponentiated Power Lindley distribution by 
Warahena-Liyanage & Pararai (2014) as; 

�(�; �, �, �) =
����

���
�1 + ������������

�1 −

�1 +
���

���
� �����

�
���

; � > 0, � > 0, � > 0, � > 0

                                                            (11) 
3. The Lindley Stretched Exponential (LSE) 

distribution by Gulshan & Ahmad (2019) 

�(�; �, �, �) =
���

�(���)
�

�

�
�

���

�1 +

�
�

�
�

�

� ����
�

�
�

�

; � > 0, (�, �, �) > 0  (12) 

It can be easily verified that the Generalization of the 
Generalized Gamma distribution in (3) reduces to 
Generalized Gamma distribution in (2) when � = 1; while 
it reduces to Gamma distribution (1) when � = � = 1; it 
reduces to Weibull distribution (6) when � = � = 1; and 
finally it reduces to exponential distribution (4) when � =
� = � = 1. Similarly, the Exponentiated exponential 
distribution in (5) and the Weibull distribution in (6) reduces 
to Exponential distribution in (4). Moreover, the 
Exponentiated Power Lindley distribution in (11) reduces to 
the Power Lindley distribution when � = 1; while it reduces 
to Eponentiated Lindley when � = 1; and finally reduces to 
Lindley distribution in (7) when � = � = 1, and the Lindley 
Stretched Exponential distribution in (11) reduces to 
Lindley-Exponential distribution (Gulshan & Ahmad, 2019) 
when � = 1; while it reduces to the Lindley distribution in 
(7) when � = � = 1; finally it reduces to Lindley Negative 
Exponential distribution (Gulshan & Ahmad, 2019) when 
� = 1. The graphs of some of these distributions for 
different values of the parameters are shown in the Figure 1. 

 

Figure 1: The graph of the distributions at different values 
of their parameters. 

 

III. ANALYSIS AND RESULTS  

In this section, the goodness-of-fit of these distributions is 
discussed with an application to real-life datasets from 
clinical sciences. The parameters of the distribution were 
solved using the MLE method while the goodness-of-fit was 
evaluated using the Akaike Information Criterion (AIC) and 
Bayesian Information Criterion (BIC) with their respective 
statistics given as follows: 

��� = −2ln� + 2�    (13) 

��� = −2ln� + �ln�    (14) 

Where k is the number of parameters and n is the sample 
size. The distribution that has a lower value of these criteria 
is judged to be the best among others 
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Data Description 
 
The dataset used is an uncensored dataset corresponding to 
remission times (in months) of a random sample of 118 
bladder cancer patients reported in Lee & Wang (2003). 

 

Table 1: Parameters Estimation and Goodness-of-Fit Test Results of the distributions for the Bladder cancer dataset. 

Distribution ML Estimate -2logLik AIC BIC 

NEGD �� = 1.4616 742.679 746.679 747.449 

 �� = 0.1041    

EGD �� = 1.9458 731.254 735.254 738.502 

 �� = 0.0015    

LSED 

�� = 223.5201 

742.235 748.235 747.006 �� = 1.0473 

 �� = 28.0779    

EPLD 

�� = 0.7914 

739.368 745.368 744.139 �� = 0.5566 

 �� = 2.0433    

GGGD �� = 2.3479 739.584 747.584 744.355 

 �� = 0.8246    

 �� = 0.5744    

 �� = 0.9112    

GGD �� = 2.3459 739.584 747.584 744.355 

 �� = 0.7809    

 �� = 0.5747    

GD �� = 0.3856 742.234 746.234 747.005 

 �� = 0.7437    

WD �� = 0.1046 828.174 832.174 837.878 

 �� = 1.0478    

LD �� = 0.1961 839.060 841.060 843.912 

EED �� = 0.9296 726.695 730.695 745.778 

 �� = 0.1108    

ED �� = 0.1163 743.718 745.718 748.489 

 

IV. CONCLUDING REMARKS 

 
The exponential related distributions were implemented on 
the Bladder cancer dataset to examine their goodness-of-fit 
while their efficiency was examined and compared among 
the distributions. The Exponentiated Exponential (EE) 

distribution (Gupta & Kundu, 2001) has the smallest values 
of AIC and BIC and appreciable results in other 
performance measures followed by the Exponential-Gamma 
(EG) distribution (Ogunwale et al, 2019), these were found 
to perform better than all the distributions considered. 
Following the results of the goodness-of-fit of Lindley 
Stretched Exponential (LSE) distribution fitted as reported 



Professional	Statisticians	Society	of	Nigeria 
																																									Edited Proceedings of 3rd International Conference																								                   Vol. 3, 2019 

486 

 

 
© 2019, A Publication of Professional Statisticians Society of Nigeria 

 

in Gulshan & Ahmad (2019), it is obvious that these 
distributions performed better. 
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